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We analyze d’Alambert solutions (propagating waves) of a nonlinear wave equations that describe amplitude
and pitch modulations of one-dimensional Alfv\’en waves propagating on a dispersive nonlinear plasma. We
















1 Ideal Magnetohydrodynamics(MHD) Hall
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2 Nonlinear Beltrami fields and modulated waves
Hall $MHD$
- [7].
2.1 Beltrami field and Alfv\’en wave
Hall MHD
$(V+A)-V\cross(\nabla\cross V+B)=-\nabla(\phi+h_{i}+V^{2}/2)$ (3)
$\partial_{t}A-(V-n^{-1}\nabla\cross B)\cross B=-\nabla(\phi-h_{e})$ (4)
$\partial_{t}n+\nabla\cdot(Vn)=0$ (5)
$n$ $V$ $B$ $A$ $\phi$
$h_{i}$ $h_{e}$
$P_{j}$ , $\Omega_{j}:=\nabla\cross P_{j}$ , $U_{j}$ , $\phi_{j}$
$P_{i}=V+A$ , $P_{e}=A$ , (6)
$\Omega_{i}=\nabla\cross V+B$ , $\Omega_{e}=B$ , (7)
$U_{i}=V$ , $U_{e}=V-n^{-1}\nabla\cross B$ , (8)
$\varphi_{i}=\phi+h_{i}+V^{2}/2$ , $\varphi_{e}=\emptyset-h_{e}$ , (9)
(3), (4)
$\partial_{t}P_{j}-U_{j}\cross\Omega_{j}=-\nabla\varphi_{j}$ (10)
$U_{j}=\mu j\Omega_{j}$ $(j=i, e)$ (11)
$\nabla\varphi_{j}=0$ $(j=i,e)$ (12)
(n $=$ l) $\downarrow$
$V=\mu_{i}(\nabla\cross V+B)$ (13)
$V-\nabla\cross B=\mu_{e}B$ (14)
(13) (14) $u=B,$ $V$





$\lambda_{0}+\lambda_{1}=\mu_{i}^{-1}-\mu_{e}$ , $\lambda_{0}\lambda_{1}=1-\mu_{e}/\mu_{i}$ (17)































$\nabla\cross\nabla\cross V_{\perp}+(n\mu-\mu^{-1})\nabla\cross V_{\perp}=0$ (29)
(26), (27) (10)
$\partial_{l}P_{j}-ue_{z}\cross\Omega_{j}=-\nabla\varphi_{j}$ (30)








(28), (29), (32), (33), (34)
$\{\begin{array}{l}n=1+\epsilon n^{(1)}+\epsilon^{2}n^{(2)}+\cdots u=0+\epsilon u^{(1)}+\epsilon^{2}u^{(2)}\cdots V_{z}=V_{0}+\epsilon V_{z}^{(1)}+\epsilon^{2}V_{z}^{(2)}+\cdots h=\phi=0+\epsilon\phi^{(1)}+\epsilon^{2}\phi^{(2)}+\cdots V\perp=0+\epsilon V_{\perp}^{(1)}+\epsilon^{2}V_{\perp}^{(2)}+\cdots\end{array}$ (35)
$\{\begin{array}{l}\tilde{z}=\epsilon z\tilde{t}=\epsilon^{2}t\end{array}$ (36)
(28) $\epsilon^{o},\epsilon^{1},\epsilon^{2}$




$\mu^{-1}-\mu=\epsilon\lambda$ , $\mu\sim 1$ (39)
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$\epsilon^{3}$ $\epsilon^{3}$


















(42) $-c_{s}$ (44), (46) $c_{s}^{2}$ (47) (48)
$\partial_{\overline{t}}V_{z}^{(1)}+\partial_{\overline{z}}\{\frac{1}{2}(V_{z}^{(1)})^{2}+\frac{1}{4}|V_{\perp}^{(1)}|^{2}\}=0$ (49)
$\tilde{\nabla}\cross\tilde{\nabla}\cross V_{\perp}^{(1)}-(\lambda+V_{z}^{(1)})\tilde{\nabla}\cross V_{\perp}^{(1)}=0$ (50)
3 Analysis of the nonlinear Beltrami waves
(49), (50) (1)
$\sim$













(53), (54), (55) (55) $z$
$\frac{1}{2}V_{z}^{2}+\frac{1}{4}V_{\perp}^{2}=H_{0}$ (56)
$H_{0}$ (53) $dV_{x}/dz$ (54) $dV_{y}/dz$
$( \frac{d}{dz}V_{x})^{2}+(\frac{d}{dz}V_{y})^{2}=4H_{0}w0$ , (57)
$wo$ $|\nabla\cross V_{\perp}|^{2}$







$L(V_{z}^{2}):=2H_{O}l_{0}- \int\{(\lambda+V_{z})\frac{d}{d_{Z}}V_{z}^{2}\}dz=4H_{O}l_{O}-\lambda V_{z}^{2}-\frac{2}{3}V_{z}^{3}$ (62)
$V_{y} \frac{d}{d_{Z}}V_{x}-V_{x}\frac{d}{dz}V_{y}=L(V_{z}^{2})$ , (63)
$V_{x}(z)=r(z)\cos\theta(Z)$ , $V_{y}(z)=r(z)\sin\theta(z)$ (64)
$\frac{d}{dz}\theta=-\frac{L(V_{z}^{2})}{r^{2}}$ (65)
$V_{z}^{2}$ (56), (65) $V_{x},$ $V_{y}$
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3.2 Sagdeev potential






(53), (54) 3 4
$\frac{d^{2}}{dz^{2}}V_{z}^{2}=-\{(\frac{dV_{x}}{dz})^{2}+(\frac{dV_{y}}{dz}I^{2}\}+(\lambda+V_{z})(-V_{x}\frac{dV_{y}}{dz}+V_{y}\frac{dV_{x}}{dz})$
(67)




$=- \{4H_{O}(wo-\lambda l_{O})-4H_{0}l_{0}V_{z}+\lambda^{2}V_{z}^{2}-\frac{5}{3}\lambda V_{z}^{3}+\frac{2}{3}V_{z}^{4}\}$
$=- \frac{d}{dV_{z^{2}}}\{8H_{0}^{2}(l_{0}^{2}-w_{0})+4H_{0}(w0-\lambda l_{0})V_{z}^{2}-\frac{8}{3}H_{0}l_{0}V_{z}^{3}+\frac{1}{2}\lambda^{2}V_{z}^{4}+\frac{2}{3}\lambda V_{z}^{5}+\frac{2}{9}V_{z}^{6}\}$
(69)
Sagdeev Potenfial $U(V_{z}^{2})$






3.3 Singularity and lrregular modulation
$l_{0},wo$ $l_{O}=\lambda,w_{0}=\lambda^{2}$ Sagdeev potential $U(V_{z}^{2})$
$U(V_{z}^{2})=- \frac{8}{3}H_{0}\lambda V_{z}^{3}+\frac{1}{2}\lambda^{2}V_{z}^{4}+\frac{2}{3}\lambda V_{z}^{5}+\frac{2}{9}V_{z}^{6}$ (73)
$U(0)=0$, $\frac{dU}{dV_{z}^{2}}(0)=0$ (74)
$\lambda=2,$ $H_{0}=2/3$ $U(V_{\perp}^{2})$ 1
$U(v_{z^{1}})$






$V_{z}^{2}(z)=\{\begin{array}{l}\frac{1}{3}H_{0}^{2}\lambda^{2}(z0-z)^{4}0 (z0\leq z\leq z_{1})(z<zo)\frac{1}{3}H_{0}^{2}\lambda^{2}(z-z_{1})^{4} (z_{1}<z)\end{array}$ (77)
$z_{0}<z_{1}$







$2$ Irregular modulation of the square amplitude
$B_{0}$








AApplicable scope of Sagdeev potential
(53), (54), (55) Sagdeev potential
Sagdeev potential
$V_{\perp}^{2}\neq 0$
(57), (63), (69) $V_{\perp}^{2}:=V_{x}^{2}+V_{y}^{2}\neq 0$
$V_{x},$ $V_{y}$ (53), (54) $0$
$G(V_{\perp}^{2})$
$V_{x} \frac{dV_{x}}{dz}+V_{y}\frac{dV_{y}}{dz}=\frac{1}{2}\frac{d}{dz}V_{\perp}^{2};=G(V_{\perp}^{2})$ (79)
(79) (63) $\frac{d}{dz}V_{x}$ $\frac{d}{dz}V_{y}$ $V_{x},V_{y},V_{\perp}^{2}$ (79) $\cross V_{x}+(63)\cross V_{y}$
$V_{\perp}^{2}(\neq 0)$
$\frac{dV_{x}}{d_{Z}}=\frac{1}{V_{\perp}^{2}}(V_{x}G(V_{\perp}^{2})+V_{y}L(V_{z}^{2}))$ (80)




2 (56), 3 (68) $dL/dz$
$\frac{d}{dz}L(V_{z}^{2})=-(\lambda+V_{z})\frac{d}{dz}V_{z}^{2}=-(\lambda+V_{z})(-\frac{1}{2}\frac{d}{dz}V_{z}^{2})=(\lambda+V_{z})G(V_{\perp}^{2})$ (83)


















(80), (81) (79), (80), (81), (82), (83) (84)
(53) (54)
[1] Z. Yoshida, Y Giga. Remarks on spectra of operator rot. Math $Z1990;204;235-45$ .
[2] L. Woltjer. A theorem on Force-Free magnetic fields. Proc Natl Acad Sci USA 1958; 44:489-491.
[3] J.B. Taylor. Relaxation of Toroidal Plasma and Generation of Reverse Magnetic Fields. Phys Rev Lett
1974;33: 1139-1141.
[4] S. M. Mahajan, Z. Yoshida, Double Curl Beltrami Flow: Diamagnetic Structures. Phys Rev Lett
1998;81:4863-6.
[5] Z. Yoshida, S. M. Mahajan. Simultaneous Beltrami conditions in coupled vortex dynamics. J Math Phys
1999;40:5080-91.
[6] Yoshida $Z$ , Mahajan SM, Ohsaki S. Scale hierarchy created in plasma flow. Phys Plasma 2004; 11:3660-4
[7] Z. Yoshida. Nonlinear Alfv\’en/Beltrami waves-An integrable structure built around the Casimir. Commum
Nonlinear Sci Numer Simulat 2011.
[8] S. Ohsaki and S. M. Mahajan. Hall current and Alfv\’en wave. Phys Plasma 2004;3:898
[9] S. M. Mahajan, V. Krishan. Exact solution of the incompressible hall magnetohydrodynamics. Mon Not
Roy Astron Soc 2005;359:L27-29
155
